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Abstract 
We show that a left exact category E with finite coproducts is afine, i.e. it is a slice of an 
additive category with kernels, if and only ifthe forgetful functor from the category of abelian 
groups in !E is monadic and the corresponding monad T is nullary, i.e. the canonical maps 
T(0) + X + T(X) are isomorphisms, and the adjoint is comonadic (and then also the corres- 
ponding comonad is conullary), This result should be compared with the well-known character- 
ization of additive categories as those for which the same forgetful functor is an equivalence. 
0. Introduction 
In [l] the first named author characterized comma categories of additive categories 
with kernels (“a#ine categories”) in terms of a property of finite limits and coproducts 
which is the categorical version of the notion of a modular lattice (“modular catego- 
ries”, see Section 3 for the precise definitions and statements). The second named 
author then conjectured that one of the two conditions in the characterization 
theorem could be stated in terms of the relevant notion of effective descent morphism, 
simply by saying that the unique map from the initial object to the terminal one is an 
effective codescent morphism, and in this note we show that this is in fact the case. 
The proof turns out to be based on very simple facts about “nullary monads”, which 
in the algebraic case means algebraic theories with only nullary operations, and about 
the dual notion of “nullary comonads”: the characterization theorem in [ 11 we obtain 
here only in terms of nullary monads and comonads is that a left exact category E with 
finite coproducts is afine if and only if the forgetful functor from the category of 
abelian groups in IE is monadic and the monad is nullary, and the adjoint is comonadic 
(and then also the comonad is nullary). This result should be compared with the 
well-known characterization of additive categories (with kernels) as those for which 
the same forgetful functor is an equivalence. 
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For the basic notions of category theory used in the paper we refer to [3], while for 
an introduction to the basic ideas and techniques of descent heory one may consult 
[2] and the references therein. 
1. Nullary monads and comonads 
Let A be a variety of algebras and let 
F 
Sets 7 A 
‘u 
be the corresponding forgetful-free adjunction. Consider the map 
o 
X : UF(0) + X- UF(X), 
where 0 is the empty set, + is the coproduct in Sets, !x is the only map from 0 to X, 
and nx: X + UF(X) is the unit of the adjunction. If A is nontrivial, then Ox is 
injective, and is bijectiue for all X if and only if A has a presentation with only nullary 
operations. When this is the case, then the algebraic category A is nothing but the 
comma category 
A =(UF(O)JSets) 
and the adjoint F is completely determined by its value on 0 as F(X) = F(0) + X. This 
motivates the following definition. 
Definition 1.1. Let X be a category with finite coproducts and let 
be a monad on X. We say that T is a “nullary monad” if the natural transformation 
OT whose components are the maps 
ox = : T(0) + X- T(X) 
is an isomorphism for all objects X. 
Theorem 1.1. Let X be a category with&finite coproducts and let 
U:A-X 
be an arbitrary functor to X. The following conditions are equivalent: 
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(i) there exists an object E in X (“the object of nullury operations”) and an 
equivalence A -+ (E 1 X) such that the diagram 
A +(EiX) 
commutes; 
(ii) A has an initial object and the.fimctor 
sending each object A to the map U (!*) is an equivalence; 
(iii) U is monadic and the corresponding monad is nullary. 
Proof. (i) 3 (iii): It is enough to show that the forgetful functor 
(ElX)-X 
is monadic and that the corresponding monad is nullary, which is straightforward. 
(iii) =- (i): Let T be the monad corresponding to the monadic functor U and let T, 
be the monad corresponding to the forgetful functor 
(T(O)1 X)--t X; 
a simple computation shows that the natural transformation OT = (0,) is in fact 
a monad homomorphism, which is an isomorphism since T is nullary. Since both 
U and the forgetful functor above are monadic, this gives (i) with E = T(0). 
(ii) => (i): It is obvious. 
(i) * (ii): Since (E 1 X) has an initial object and A is equivalent to (E J X), then 
A has an initial object. Moreover, since equivalences preserve initial objects, it is 
enough to show that (ii) holds in the case where U is the same as the forgetful functor 
(ElX)-X, 
which is obvious. 0 
The notion dual to nullary monad will also be of interest. 
Definition 1.2. Let X be a category with finite products and let H = (H,E,~) be 
a comonad on X. We say that H is a “nullary comonad” if the map 
Ox = (H(!,),eX):H(X)- H(l)xX 
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is an isomorphism for each object X, where 1 denotes a terminal object and !x denotes 
the unique map X + 1. 
Corollary 1.1. Let X be a category with finite products and let U: A + X be an 
arbitrary functor to X. The following conditions are equivalent: 
(i) there exists an object E in X and an equivalence A -+(X _1 E) such that the 
diagram 
commutes; 
(ii) A has a terminal object and the functor 
A - (X 1 U(l)) 
sending each object A to the map U(!,) is an equivalence; 
(iii) U is comonadic and the corresponding comonad is nullary. 
A well-known fact about rings provides an algebraic example of nullary comonads. 
Example 1.1. Let X be the category Rings of rings (with an identity element) and let 
A be the category Rngs of rings without requiring the existence of an identity element. 
Let Z be ring of integers. The forgetful functor X + A has a left adjoint U given by 
U(A)=Z@A 
as abelian groups, with multiplication given by 
(n,a)(m, b) = (nm, nb + mu + ab). 
Clearly, U(1) = Z and the functor considered in Corollary 1.1 
Rngs --+ (Rings 1 Z) 
sends each object A to the first projection Z 0 A + Z. Easily one has that the above 
functor is an equivalence, the adjoint-inverse being given by the kernel. Therefore, U is 
comonadic and the corresponding comonad on X = Rings is nullary. 
This example tell us that sometimes it is possible to take off nullary operations 
using nullary comonads. However, this can happen only in a very special situation, for 
instance, there is nothing like this for X = Pointed Sets and A = Sets, or for 
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X = Monoids and A = Semigroups. Let us only point out that the basic ingredient of 
the construction in the example is given by the following remark: the functor 
U = Z@(-):Ab-Aff =(AbJZ) 
from the category Ab of abelian groups to the category Aff of Z-affine spaces over 
Z factors through the category of points of Aff, and restricts to an equivalence 
Ab- (1 J Aff), 
the adjoint inverse being the kernel of a map A -+ Z. Moreover, the functor U is 
a monoidal functor, so that it takes Semigroups in the monoidal category Ab ( = Rngs) 
to Semigroups (and in fact Monoids) in the monoidal category Aff = (Ab 1 Z); this 
forces the formula for the multiplication on U(A). Of course, all this can be general- 
ized to an arbitrary aditive category with kernels, with a tensor product, commuting 
on both sides with direct sums. 
We end this section with a general remark on the definition of nullary monads and 
comonads. Let X be a category with finite coproducts and consider the exponential 
transpose in Cat 
c:X---+[X,X] 
of the functor + : X x X + X (the “Cayley representation of (X, + )“). Clearly, c is 
strong monoidal, when we consider the coproduct as the tensor product in X and the 
composition as the tensor product in the category of endofunctors [X,X] on X. 
Hence, the functor c takes monoids in (X, + ) to monoids in [X, X] (monads), and 
observe that each object in X has a unique monoid structure given by the codiagonal 
and the unique map from the initial object. Now the remark is that the evaluation on 
0 is a right adjoint to c from the category (11 [X, X]) of pointed endofunctors T on %, 
the counit being the map OT described in 2.1; moreover, if the endofunctor has 
a monad structure, then one can easily check that Or is a monad homomorphism, so
that evaluation at 0 still is right adjoint to c when we restrict to monads. A nullary 
monad is then a monad T for which the counit OT is invertible. Similar considerations 
apply of course to nullary comonads too. 
2. Actions of internal categories 
Let X be a category with pullbacks and let 
C = (G,Cl,d,c,e,m) 
be an internal category in X. Let P = (rcP, lP) be an internal action of C, where 
7cP : PO -+ CO is an internal family of objects of X indexed by the objects of C, and 
L:C1 xcopo -+ PO is the action of the arrows of C. We will denote by Xc the category 
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of internal C-actions in X. There exists always an adjunction 
FC 
where FC(X * C,) is given by the pullback 
as F’(4) = (czl,m xc0 lx) and where U’(X,,<~) = 7cP. It is well known that UC is 
monadic; explicitly, the corresponding monad Tc = (T ‘, qc, p”) is given by 
T’($) = C1 xc,XA C1 5 Co, 
ykb = (4 IX), P~=~XG~X 
It is possible that TC is nullary (for nondiscrete C)? Consider the map 0, of Definition 
1.1 for the monad T ‘; since the coproducts in (X J Co) are the same as those in X and 
since the forgetful functor (X 1 X) reflects isomorphisms, then 0, is an isomorphism if 
and only if the map 
lc, XC”!X ( > (4 lx) :C1x,“O+X-C1x~,X 
is an isomorphism. Notice that this map in X can also be viewed as the canonical map 
(dxO)+qb-dx4 
in (W J Co); in particular, when Co = 0, so that (X J Co) is pointed, then this map is the 
canonical map 
d++-dx#. 
in (X 10). We have in fact shown the following theorem. 
Theorem 2.1. Let X be a category withJinite sums and such that the pull-backs involved 
in the following exist, and let C be an internal category in X. Then 
(i) the monad Tc is nullary if and only if the canonical map 
in (X _1 Co) is invertible for each object 4; 
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(ii) when Co = 0, then the monad TC is nullary tf and only if the canonical map 
d+$---+dx$ 
in (X JO) is invertible for each object 4. 
Using Theorem 1.1 this gives the following corollary. 
Corollary 2.1. Let X be a pointed category withjinite sums and products, and let M be 
a monoid in X. The following conditions are equivalent: 
(i) the categories X M of M-objects and (M 1 W) of objects under M are canonically 
equivalent; 
(ii) the monad TM is nullary; 
(iii) the canonical map M + X + M x X is invertible for each object X. 
An application of Theorem 2.1 will be considered in next section; we now only 
consider two examples of the simple situation of the Corollary 2.1. 
Example 2.1. Let X be the category of commutative monoids. Then the condition (iii) 
of Corollary 2.1 holds, so that an M-action on X is the same as an homomorphism 
M L X - which gives the M-action by mx = f (x) + m. In particular, the multiplica- 
tion on M can be considered as such an action and mm’ = m + m’, for each m, m’ E M 
_ which corresponds to the well-known fact that every object in X has a unique 
structure of a monoid, which is the same as the original monoid structure on that object. 
Example 2.2. Let X be the category of monoids. As above, since an action M x X + X 
must be an homomorphism, we can write it as mx = f (m) + x (using an additive 
notation, where f is defined by f(m) = m0). However, the canonical map 
M x X -+ M x X is an isomorphism if and only if M = 1 or X = 1, so that if M # 1, 
condition (iii) of Corollary 2.1 does not hold. 
3. Effective descent and modularity 
Let X be a category with finite coproducts and let p : E + B be a map such that for 
each map CI :A + B the pullback 
E x,A +A 
E .B 
P 
exists. Recall that p : E -+ B is said to be an effective descent morphism if the pullback 
functor 
p*:(XlB)-(XlE) 
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is monadic. Consider the corresponding monad T* = ( T*, n*, up); when it is nullary? 
To answer this question we could apply directly Theorem 1.1, but we can also use the 
known fact that the monad T* is in fact isomorphic to the monad TEq(*), where Eq(p) 
is the internal category given by the kernel pair of p, as an equivalence relation 
(see e.g. [Z]). Using Theorem 1.1 and Theorem 2.1, this gives the following 
theorem. 
Theorem 3.1. Let X be a category withjinite coproducts, and let p : E + B be a map for 
which the pullbacks along any map of codomain B exist. The following conditions are 
equivalent: 
(i) there exists an object E’ 5 E in (X 1 E) and an equivalence of categories 
W 1 B)---+ (P’ 1 (X 1 E)) 
such that the diagram 
@LB) ’ (P’ 1 (X 1 E)) 
commutes; 
(ii) the functor 
sending a map A -% E to the triangle 
Ex,O 
EX,!, 
Ex,A 
\/? 
E 
is an equivalence; 
(iii) E A B is an eflective descent morphism and the monad T* is nullary; 
(iv) E* B is an effective descent morphism and the map 
:(Ex.O)+X-ExgX 
is an isomorphism for each I$ E (X 1 E); 
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(v) E -% B is an efictive descent morphism and, if (po,pl) denotes the kernel pair 
of p, the canonical map 
(PO x 0) + 4 + PO x 4 
in (X 1 E) is an isomorphism for each object 4. 
Proof. We just note that the map considered in (iv) is the special case of the map (i) of 
Theorem 3.1. 17 
Consider the case where p is the map ! : 0 + 1; repeating only conditions (ii)-(v), 
Theorem 3.1 gives the following corollary. 
Corollary 3.1. Let X be a category with$nite products and coproducts. The following 
conditions are equivalent: 
(i) the functor 
sending an object A to the triangle 
0x0 
ox !” 
OxA 
‘.I/ 
0 
is an equivalence; 
(ii) ! : 0 -+ 1 is an eflective descent morphism and the monad T! is nullary; 
(iii) ! : 0 + 1 is an effective descent morphism and the map 
( > ;;y) :(0x0) +x-0xX 9 x 
is an isomorphism for each C$ E (X LO); 
(iv) ! : 0 + 1 is an effective descent morphism and the canonical map 
in (X 10) is an isomorphism for each object 4. 
Recall from [l] that a left exact category E with finite coproducts is called modular 
when both 
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(i) the modular law: for each arrow X 2 Z andfor each object Y the canonical map 
<ix,f > ( ) iYx lz :x +(YxZ)-(X + Y)xZ 
(i,-, denoting injections) is invertible, holds in each comma category (W J U); and 
(ii) for each map XL Z and each object U the commutative square 
X f .Z 
x+u 
f+lo 
l z+u 
is a pullback. 
The point in [l] is that if A is an additive category with kernels, then each comma 
category E = (A 1 K) is a modular category, and that in fact modularity characterizes 
comma categories of additive categories with kernels, in the sense of the following 
theorem. 
Theorem 3.2 (Carboni Cl]). Let IE be a left exact category withjinite coproducts; then 
E is modulator if and only if the following two conditions hold: 
(a) Pt(E) = (1 _1 E) is additive with kernels; 
(b) the canonical functor 
E-(Pt(E)J(l- 1 + 1)) 
(1 + 1 + 1 denoting an injection) is an equivalence. 
Now, since condition (i) of Corollary 3.1 is precisely dual to condition (b) of 
Theorem 3.2, and condition (a) implies that the dual of condition (iv) of Corollary 3.1 
is satisfied, we get the following theorem. 
Theorem 3.3. Let IE be a left exact category with$nite coproducts; then E is modular if 
and only if the following two conditions hold: 
(a) Pt(lE) is additive with kernels; 
(b) ! : 0 + 1 is an effective codescent morphism, i.e. the canonical fun&or E -+ Pt(E) is 
comonadic. 
A more symmetric form of this characterization theorem can be obtained in terms 
of nullary monads and comonads as follows. 
Theorem 3.4. Let E be a left exact category withfinite coproducts; then E is modular if 
and only if the canonical functor 
Ab(E+ E 
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from the category of abelian groups in E is monadic and the corresponding monad is 
nullary, and the adjoint F to U is comonadic. 
This characterization theorem of affine categories only in terms of the functor 
U should be compared with the well-known characterization of additive categories 
(with kernels) as those for which the functor U is an equivalence. 
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